We study the helicity and chirality transitions of a high-energy neutrino propagating in a gravitational field described by Schwarzschild space-time. Calculations are performed using both regular and isotropic spherically symmetric co-ordinates, along with a weak-field approximation. Using the Cini-Touschek transformation, we derive an ultrarelativistic approximation of the Dirac Hamiltonian to model the neutrino's spin and chiral dynamics, where we compute the helicity and chirality transition rate to first-order in the neutrino's rest mass. A very complicated behaviour emerges that is partially due to non-inertial dipole interactions coming from the noncommutative nature of the momentum states in spherical co-ordinates. We show that the chiral transition rate generally depends on the zeroth-order component of the neutrino's helicity transition rate. We further propose a method for estimating the neutrino rest mass using the helicity transition rate, and determine the upper bound for spin and chiral dynamics near the event horizon of a black hole. For the weak-field approximation, the Hamiltonian contains terms that come from the gravitational analogue of Berry's phase first proposed by Cai and Papini, and the consequences that follow from this introduction are explored.
Introduction
Recent experiments on solar neutrinos [1, 2] have provided strong evidence that flavour oscillations occur while in transit to detectors on Earth, and suggest that neutrinos have small but well-defined rest masses. This suggestion implies that neutrinos can potentially change their helicity and chirality due to interactions with external fields. It is therefore possible to suppose that left-handed neutrinos can be converted to the right-handed form, rendering them sterile to the weak interaction, and therefore unaffected by all known forces except gravitation.
Although a successful quantum theory of gravity currently does not exist, for energy regimes and space-time length scales where quantum mechanics and general relativity can safely appear together, the study of neutrinos in classical gravitational backgrounds has the potential to yield, in principle, observationally verifiable predictions. For example, their spin and chiral behaviour can act as probes of space-time curvature effects appearing as quantum phase shifts to identify alternate theories of gravity [3] , while other neutrino properties may detect evidence of quantum violations of the equivalence principle [4] . In addition, different aspects of neutrino dynamics may reveal valuable information about the internal structure of neutron stars and supernovae [5] , and the dark matter content of the known Universe [6] . Because neutrinos are produced in abundance by stars and more exotic astrophysical objects like neutron stars-whose surface gravity is especially strong-it is important to have a better understanding of how their spin and handedness behave due to gravitational effects.
The purpose of this paper is to examine the helicity and chirality dynamics of a high-energy massive neutrino while propagating in curved space-time. A previous study [7] of chiral transitions considered the special case of weak gravitational fields. It concludes that the transition amplitude is very small in a generally weak background, but suggests that it may become large if the background space-time is strongly curved. In this paper, we consider the same problem in the presence of strong gravitational fields, but restrict our attention to dynamics in a Schwarzschild space-time background. An important feature of this approach is to use an ultrarelativistic form of the Dirac Hamiltonian derived by the Cini-Touschek [8] unitary transformation, which reasonably assumes that the neutrino rest mass is very small compared to its total energy. We begin by outlining the problem in Sec. 2, where the Hamiltonian operators are presented in both Schwarzschild and isotropic spherical co-ordinates. A weak-field approximation that follows from the full Hamiltonian is also presented, where the gravitational analogue of Berry's phase first introduced by Cai and Papini [9] forms part of the expression. In Sec. 3, we present a self-contained description of the Cini-Touschek transformation and the method used to obtain the high-energy approximation of the Hamiltonian. The spin and chiral transition rates for the high-energy neutrino, derived by the Heisenberg equations of motion, are then shown and analyzed in Sec. 4, followed by a conclusion in Sec. 5.
2 Dirac Hamiltonian in Curved Space-Time
General Formalism
The starting point here is the covariant Dirac equation 1 ,
where m is the neutrino rest mass, D µ ≡ ∇ µ + iΓ µ is the covariant derivative operator with ∇ µ the usual covariant derivative on index-labelled tensors, and Γ µ is the spinor connection. The gamma matrices {γ µ (x)} satisfy the conditions {γ µ (x), γ ν (x)} = 2 g µν (x) and D µ γ ν = 0. Using a set of orthonormal tetrads {eμ} and basis one-forms eμ labelled by caratted indices to define a local Minkowski frame satisfying eμ, eν = δμν, the metric is described as
The general metric tensor and its Minkowski counterpart are related by vierbein sets eα µ , {e µα } satisfying eα = eα β e β and eα = e βα e β , such that
The spinor connection is By arranging (2.1) into a Schrödinger form, it follows that the Hamiltonian in general space-time co-ordinates is ih ∇ 0 ψ(x) = H ψ(x), where
Schwarzschild Space-Time
We consider a derivation of the Hamiltonian for Schwarzschild space-time. For the metric in Schwarzschild co-ordinates written in terms of (2.2), the orthonormal basis frame is
The Hamiltonian (2.7) is then
where p = P1, P2, P3 in spherical co-ordinates is
For comparison, we also consider a Hamiltonian written in terms of isotropic spherical co-ordinates [10] , where the one-form frame corresponding to the metric is
Given the mapping between Schwarzschild co-ordinates (r, θ, φ) and isotropic co-ordinates (ρ, Θ, Φ)
the Hamiltonian in isotropic co-ordinates is then 13) where the momentum operator p is described by
(2.14)
Weak-Field Limit
In order to identify neutrino spin and chiral interactions in an observationally realistic context, it is necessary to consider the weak-field limit of curved space-time. To do this requires that we perform a first-order expansion about Minkowski space-time, such that the metric is described by g = (η αβ + h αβ )dx α ⊗ dx β , and the covariant Dirac equation (2.1) takes an equivalent form for a local tangent space centred about the gravitational source. An interesting development proposed by Cai and Papini [9] is that the phase of the wavefunction can contain gravitational field information that leads to a covariant generalization of Berry's phase [11] when considering closed particle trajectories, with an explicit expression for the case of the weak-field limit. It is further shown [12] that the gravitational phase can be introduced into the Dirac Hamiltonian as a vector gauge field within the framework of Minkowski space-time.
While a more complete treatment of the gravitational Berry's phase is found in Appendix A, it suffices to state that (2.1) is equivalent to 15) where Φ G , the gravitational Berry's phase, takes on a non-zero value only for closed trajectories in space-time [9] . Because Φ G was originally derived in terms of a Cartesian co-ordinate frame, it is best to consider the weak-field limit of this problem in the same fashion. Therefore, the one-form basis set corresponding to the weak-field limit of Schwarzschild space-time in Cartesian co-ordinates is
where x1, x2, x3 = (x, y, z) and r = x 2 + y 2 + z 2 .
A straightforward calculation shows that the Dirac Hamiltonian up to first-order in M/r is 17) where Pî = −ih∂/∂xî. For comparison, we can derive an expression equivalent to (2.17) in spherical co-ordinates by performing a first-order expansion of M/r in (2.13). Then the Dirac Hamiltonian becomes
in the weak-field limit, where p is described by (2.10). It is trivial to note-but important to emphasize-that the freeparticle Hamiltonian expressions from (2.17) and (2.18) when M → 0 are distinct, due to the choice of co-ordinate system. As well, it is clear from Appendix A that while the gravitational Berry's phase is Lorentz invariant, the gradients of Φ G are frame-dependent.
Cini-Touschek Transformation and the High-Energy Hamiltonian
We can proceed to calculate the neutrino spin and chiral transition rates immediately. However, it is very useful to instead transform the Hamiltonian into a power series expansion with respect to q ≡ m/p ≪ 1. By doing this, we can identify the leading-order terms that contribute to the dynamics of particles which satisfy this condition. High-energy massive neutrinos certainly qualify for this treatment. In addition, by adopting the chiral representation [13] 
we seek to re-express the Hamiltonian in a way that the zeroth-order term is in block diagonal form (while still retaining a particle mass dependence), where the first-order term is a mass perturbation. This allows for an effective decoupling of the four-spinor wavefunction into its right-and left-handed states, while the perturbation term is responsible for their mixing. It is known that, by applying the Cini-Touschek (CT) transformation to the free-particle Hamiltonian [8] , the new Hamiltonian effectively removes the β-matrix term and yields an energy eigenvalue E = ± p 2 + m 2 .
In this Section, we re-derive the CT transformation for the free-particle Hamiltonian in curvilinear co-ordinates, then use it to evaluate the high-energy form of the Hamiltonian in Schwarzschild space-time and its weak-field limit. Unlike the more well-known Foldy-Wouthuysen (FW) transformation [14] , used extensively to model the non-relativistic motion of a spin-1/2 particle in external fields, the CT transformation has not been as widely used for similar purposes. A preliminary study has recently been considered [12] in the context of non-inertial motion through Minkowski space-time, where the CT transformation is performed on a local inertial tangent space in a frame comoving with the particle, with the outcome described by general co-ordinates after projecting back onto the space-time manifold. The approach taken here instead follows the known procedure when applied to the FW transformation, as adopted earlier [7] in the study of neutrinos in weak gravitational fields. More recently, it is claimed [15] that we can obtain the CT-Hamiltonian in exact form when applied to static space-times. However, it appears that this is applicable only when the metric is described by Cartesian co-ordinates, based on the initial derivation presented. Because Schwarzschild space-time is most naturally described in spherical co-ordinates, this approach is rendered unsuitable for this investigation, and so the power series expansion approach is adopted below for the remainder of this paper.
Free-Particle Hamiltonian in Curvilinear Co-ordinates
To derive the CT transformation for the free-particle Dirac Hamiltonian, we begin with the unitary operator exp (iS CT ), where
and ω(q) is a constraint function used to absorb the β matrix. The momentum p in general curvilinear co-ordinates is
By Taylor expansion 2 ,
It is important to note that [P, Pk] = 0 for general curvilinear co-ordinates. We can therefore define a vector operator R = R1, R2, R3 where
Therefore, it follows from (3.6) that
With this expression, σ · R is analogous to a magnetic dipole term due to the curl of the electromagnetic vector potential. In this case, however, it is a non-inertial effect that arises solely from the co-ordinate dependence of the momentum states in the chosen co-ordinate system, where (3.7) identically vanishes for Cartesian co-ordinates. For spherical co-ordinates, applicable to the (non-isotropic) Schwarzschild and weak-field limit space-times, it follows that
while for isotropic Schwarzschild space-time,
By substituting into (3.5), we show that
Applying (3.11) to (3.4) and setting the coefficient of β to zero, it follows that 12) with the final result that
For the small angle approximation of (3.12),
In Minkowski space-time, the presence of the dipole term in (3.13) suggests that a small energy shift will appear for a spin-1/2 particle in the ultrarelativistic approximation. For high-energy neutrinos, this shift should be negligible compared to its relativistic energy p 2 + m 2 , since the dipole term is order q 3 ≪ ≪ 1. However, for neutrinos with lower energies and other spin-1/2 particles with larger rest masses, it may be a detectable effect for large enough q. For the sake of completeness, we retain all such terms in subsequent calculations.
High-Energy Hamiltonian for Schwarzschild Space-Time and the Weak-Field Limit
To derive the high-energy form of some operator using the CT transformation, we use the series expansion [14] 
where S CT is of order q and X is an arbitrary operator. Because the CT transformation operator is unitary, the eigenvalues associated with the transformed operator remain unchanged [16] . For q sufficiently small, as satisfied by the case for massive neutrinos, it is sufficient to include only the first-order expansion term in (3.15) . Therefore,
We therefore insert 1 = e iSCT e −iSCT between each factor and operator that comprises the given Hamiltonian and evaluate to first-order in ω(q) using (3.16), keeping terms only up to first-order inh.
A lengthy but straightforward set of calculations results in the high-energy approximation for the Dirac Hamiltonian in Schwarzschild space-time. Therefore, in Schwarzschild co-ordinates
cot θ α2
which results from (2.9) and (3.16), while in isotropic spherical co-ordinates
cot Θ α2
follows from (2.13) and (3.16).
A comparison between (3.17) and (3.18) shows a great deal of similarity in structure. This is not surprising, considering that there is only an r-dependence in ρ that marks the difference between the co-ordinate expressions of the Schwarzschild space-time. Apart from overall functions of r or ρ(r) due to the metric components, the only difference in form is due to the R-dipole term σ · R in the mass perturbation parts of the two Hamiltonians, which are small for the case of high-energy neutrinos in any event. Besides this, both the mass perturbation terms have momentum contributions in the (r, θ)-plane, and a spin-orbit interaction along the radial direction that is coupled to the relativistic energy p 2 + m 2 .
As for the high-energy approximation of the Hamiltonian (2.17) in the weak-field limit, we show that
where L is the orbital angular momentum operator. For comparison, the equivalent expression in spherical co-ordinates from (2.18) is
We confirm that this expression agrees with (3.18) when expanded to first-order in M/r.
Although there are obvious similarities in structure between these last two expressions following the properties of (3.17) and (3.18), the most notable difference is due to the presence of R in (3.20) that is not found in (3.19), particularly concerning the gravitational Berry's phase, as noted on the last term in (3.20) . Furthermore, we note the distinction between ∇ ·∇ and ∇ 2 on the last lines of (3.19) and (3.20), respectively, since these operators are equal only in Cartesian co-ordinates. It is interesting to notice that the CT transformation also induces a spin-orbit interaction in both the mass perturbation contributions to the Hamiltonians, each coupled to the relativistic energy. This suggests the possibility that it may yield a strong enough effect in the overall dynamics that may be detectable.
Spin and Chiral Transition Rate in the High-Energy Approximation

General Dynamical Properties
The high-energy Hamiltonians (3.17), (3.18) , and (3.20) can be written in the general form
where in terms of co-ordinate-dependent functions F i (x) and G i (x) the components of (4.1) are
2)
Here, λ 0 and λ 1 have the value +1 for the weak-field limit and zero otherwise. The explicit expressions for F i (x) and G i (x) for each of the special cases are found in Appendix B. Because the weak-field Hamiltonian (3.19) is written in Cartesian co-ordinates, we will treat this special case separately.
Before computing the helicity and chirality transition rate for the neutrino, it is necessary to first evaluate the high-energy analogue of the helicity and projection operators using (3.16) . By the Heisenberg equations of motioṅ
For the helicity and projection operators
defined for the original wavefunction, the transformed versions of (4.5) using (3.16) to leading order in q are
Applying (4.2)-(4.4) to evaluate the time-change of h 1 and P 1 ± , it follows that to leading order in q,
It is interesting to note that while the equation of motion for the helicity operator is only marginally affected by the CT transformation, its counterpart for the projection operator undergoes significant change. In particular, (4.8) indicates that the time evolution of P ± is dependent on the zeroth-order part of the helicity transition rate (4.7), as shown by the second term of (4.8).
Schwarzschild Space-Time and the Weak-Field Limit
Evaluating the equations of motion (4.7) and (4.8) using the Hamiltonian (4.1) is a tedious but straightforward process. Explicit calculation of the commutators that determine (4.7) and (4.8) leads to the following results:
It is clear that (4.9)-(4.11) describe a very complicated behaviour for the helicity and chirality of the neutrino in Schwarzschild space-time. There are numerous terms which involve the spin interaction with metric-dependent functions and their gradients, along with non-inertial effects arising from R, plus the gradient of the gravitational Berry's phase for the weak-field limit. Given the large number of terms, it is difficult to properly analyze the results at present. In particular, many of the terms listed above are suppressed by factors of qh or smaller, so they should make a negligible contribution to the overall dynamics. Because F 2 in each of (B.1), (B.3) , and (B.5) are of order q 2h ≪≪ 1, all terms in (4.9) and (4.11) with this coefficient are neglected, except when coupled to factors ofh −1 . Similarly, because G 2 to G 5 are of orderh from (B.2), (B.4), and (B.6), we neglect all terms in (4.10) with these coefficients, as they are of order qh ≪≪ 1, except when the same restriction applies.
We therefore seek to identify the dominant contributions to (4.9)-(4.11) in the spin and chiral transition rate for all three cases. Then, for Schwarzschild co-ordinates, the leading order terms are
14)
The corresponding expressions for the case of isotropic spherical co-ordinates are
to the following expressions when M = 0:
There are two points regarding the helicity transition rate that immediately follow from (4.24) and (4.25). The first is that h 0 is not a constant of the motion for a free particle in spherical co-ordinates, which is unlike its counterpart in Cartesian co-ordinates [17] , as confirmed by (4.21) and (4.22 ). This should not be a surprise, however, because the original Hamiltonian that follows from (2.9), (2.13), and (2.18) when M = 0 has co-ordinate dependence in the momentum operators. The zeroth-order part of the corresponding high-energy Hamiltonian from (3.17)-(3.20) retains the same essential form, except for the dipole interaction due to R. From the third and fourth terms in (4.24), there is an R-dependent spin interaction of order q 2 , which while nonzero, is very small compared to the dominant spin precessions in the radial and polar angular directions. The second point is that H 1 makes no contribution to the helicity transition rate, due to (4.25) . This is important to note because then the effect of m is only to slightly shift the transition rate, such that the spin behaviour remains largely unchanged in the massless limit.
Regarding the chiral transition rate in spherical co-ordinates, there is an overall mass dependence effect that occurs due to H 1 , (4.25) and (4.26), with contributions largely from the spin precession in the two directions. Because H 1 is of orderh, it will have a very small effect on the transition rate compared to the other terms. Therefore, the latter two terms already noted in (4.8) due to the CT transformation will dominate the overall behaviour ofṖ 1± in Minkowski space-time. In Cartesian co-ordinates, it follows from (3.19), (4.8), (4.22) , and (4.23) that the chiral transition rate iṡ 27) which suggests that an interaction will occur. However, it is shown [7] that because
the chirality remains a constant of the motion, even for non-zero neutrino mass. This is consistent with the expected result determined via the original free-particle Hamiltonian.
We now consider the effects of gravitation on the spin and chiral dynamics of neutrinos in Schwarzschild space-time. For potential observational purposes, this is best achieved using the expressions derived for isotropic spherical co-ordinates, since the definition ρ(r) accounts for the spatial distortions in the radial direction due to M . We particularly note that, to leading order in M/r, (4.15)-(4.17) reduces to (4.18)-(4.20) (not including the contributions due to the gravitational Berry's phase), as expected.
While a detailed numerical treatment of these results is the topic of another paper [18] , we can provide some preliminary analysis from an analytical perspective. Starting from the weak-field limit, in Cartesian co-ordinates, we note that the Newtonian potential induces helicity and chirality transitions for a high-energy neutrino. Both the zeroth-and first-order components of the helicity transition rate (4.21) and (4.22) depend on spatial gradients, spin-orbit interactions, and contributions due to gradients of the gravitational Berry's phase. For the weak-field limit in spherical co-ordinates, we both have a number of similar physical effects, and also non-trivial contributions due to R. The fact that there is a first-order contribution to the helicity transition rate in (4.16) and (4.19) suggests a means, in principle, to estimate the neutrino rest mass after subtracting off the zeroth-order contribution (4.18). As for the gravitational Berry's phase, there are a number of terms which involve the direct coupling of spin to both the phase and its spatial gradients, including interactions with R, as found in (4.19) . A more detailed analysis of these contributions for closed trajectories is a topic of further research [19] .
investigated the spin and chiral transition rate for a massive neutrino using the Heisenberg equations of motion and discovered that the chiral transition rate is partially determined by the zeroth-order contribution of the spin transition rate. We proposed a method to obtain an estimate of the neutrino rest mass using the spin transition rate information. Finally, we briefly investigated the spin and chiral dynamics near the surface of a neutron star, and determined an upper bound for physical effects in the limit as r approaches the event horizon of a black hole with the same mass.
It is evident from these results that a numerical treatment is required to better understand the dynamics throughout the range of r from the weak-field limit to the event horizon. Besides this, it is possible to apply this approach to spacetime geometries where neutrino interactions are most likely to occur, such as in the presence of supernovae, gravitational radiation, and Robertson-Walker space-time just beyond the surface of last scattering. In addition, we can use this approach towards a more detailed study of neutrino wave packets to see how the spin and chiral dynamics are altered by a distribution of energy and momenta for a given flavour species, and compare the results to those derived for plane wave solutions. These and other types of possibilities will be developed in the near future [18] .
By a simple co-ordinate transformation, the gravitational Berry's phase in spherical co-ordinates is B Coefficients for the High-Energy Hamiltonian in Schwarzschild SpaceTime
The following are co-ordinate-dependent coefficients of the high-energy Hamiltonian in Schwarzschild space-time for Schwarzschild and spherical isotropic co-ordinates, along with the corresponding weak-field limit. We note that the coefficients in the weak-field limit follow from a leading order expansion of M/r in the coefficients for isotropic coordinates.
B.1 Schwarzschild Co-ordinates 
